In this paper, we study the entanglement entropy in a large class of states of twodimensional conformal field theory in the the large central charge limit. This class of states includes the states created by the insertion of a finite number of local heavy operators. By using the monodromy analysis, we obtain the leading order entanglement entropy for the general state. We show that it is exactly captured by the Ryu-Takayanagi formula, by using the Wilsonian line prescription in the Chern-Simons formulation of the AdS 3 gravity. *
Introduction
The entanglement entropy captures the quantum entanglement between a system and its environment [1, 2] . In a field theory which has infinite degrees of freedom, the entanglement entropy is quite hard to evaluate. Based on the AdS/CFT correspondence, it has been suggested that for the conformal field theory(CFT) with a gravity dual, the entanglement entropy can be evaluated holographically by the Ryu-Takayanagi(RT) formula [3, 4] in the semi-classical limit
A is the area of the minimal surface in the bulk which is homologous to the entangling region.
The holographic entanglement entropy implies a deep relation between the quantum entanglement and the gravity. It opens a new window to study the AdS/CFT correspondence. The RT formula is reminiscent of the Bekenstein-Hawking formula for the black hole entropy. Actually in its first derivation for a spherical region in the vacuum state of a CFT, it could be mapped to the computation of the entropy of a hyperbolic black hole in the bulk [5] . Furthermore, by using the replica trick in the gravity side and the Euclidean gravity action, the RT formula was proven for general regions following the the AdS/CFT correspondence. The holographic entanglement entropy could be taken as the generalized gravitational entropy [6] .
In particular, in the context of AdS 3 /CFT 2 correspondence, the holographic computation of the entanglement entropy is exact in the following sense. In the correspondence, the central charge of the dual CFT is c = 3l 2G so that the semiclassical gravity corresponds to the large c limit of the dual CFT. Consequently the leading order entanglement entropy is captured by the RT formula [7] [8] [9] and the next-to-leading one is captured by the 1-loop correction to the RT formula [10, 11] . This picture could be proved for the vacuum state of the CFT under reasonable assumptions.
On the bulk side, the on-shell regularized Euclidean action is reduced to the Liouville type action at the asymptotic boundary [12] . The classical boundary action could be determined by solving the monodromy problem of a differential equation [8, 9] . At the 1-loop level, the picture relies on the fact that the 1-loop partition function of any handle-body configuration [13, 14] could be reproduced by the CFT partition function [15] .
On the CFT side, by the replica trick [16] , the computation of the entanglement entropy is transformed into the partition function on a n-sheeted space pasted along the entangling surface. In 1 + 1 dimension, the field theory on the n-sheeted surface can be regarded as a ncopied field theory on one surface with some twist operators being inserted at the branch points.
For single interval in the full complex plane or the cylinder, by the conformal symmetry, the entropy is of an universal form, which is reproduced exactly by the holographic calculation [4] .
For more complicated entangling regions, the entanglement entropy in general depends on the details of the theory, the spectrum and the OPE coefficients. However, for the CFT with a gravity dual, it turns out that the vacuum conformal block dominates the partition function.
In the vacuum module, the states are constructed by acting the Virasoro generators on the vacuum. These states in the large central charge limit correspond to the free gravitons in the bulk.
The techniques to compute the entanglement entropy in CFT 2 was formulated in [9] following the monodromy prescription introduced in [17, 18] . In [17, 18] it was suggested that the semi-classical conformal block can be determined by solving the monodromy problem for a differential equation. For the two-heavy-two-light operator case the semi-classical conformal block can be solved explicitly [19, 20] . By taking a Wick rotation, this analysis can be used to study time-dependent effects including the thermalization and the scrambling effect [21] [22] [23] [24] [25] [26] .
The monodromy prescription can be generalized to more complicated cases, including the entanglement entropy on the torus [11, 27] , the one in the higher spin theory [27, 28] and the black hole formation [29] .
The exactness of the RT formula in AdS 3 /CFT 2 has been proved or supported in a few cases. In the vacuum state of the CFT, the single interval case [4] is trivial and the multiinterval case has been proved in [8, 9] . For the single-interval on the torus case, though there are pieces of strong evidence to support the picture [30] [31] [32] , there is short of rigorous proof on the holographic computation, especially the size dependence suggested in [30] . Furthermore the field theory computation confirms the phase transition suggested by the holographic study [4, 31, 33] . It would be interesting to investigate the correctness of the RT formula in more general case.
In this work, we study the single-interval entanglement entropy in a large class of states of the large c CFT. The states can be the vacuum state, the thermal state described by a thermal density matrix, the local quench state or any time-dependent or time-independent states generated by a finite number of local heavy operators 1 . By the replica trick, the computation of the entropy is transformed into the correlation function of two light operators in the generated state. From the AdS 3 /CFT 2 correspondence, such kind of state in CFT is dual to a classical gravitational configuration, described by the Banados geometries. We prove that the two-point correlation function can always be captured by the length of the geodesic in the corresponding bulk background. Our proof relies on the Wilson-line prescription developed in [35] to compute the holographic entanglement entropy.
The remaining of the paper is organized as follows. In Section 2, we first briefly introduce 1 For the study of the excitation entanglement entropy, see [34] .
the entanglement entropy and its computation in quantum field theory via the replica trick.
Then we apply the monodromy techniques to compute the two-point function in a large class of states and derive the monodromy equation, which is essential to read the two-point function.
In section 3, we review the Wilson-line prescription to compute the HEE and emphasize that the prescription leads to the RT formula in any bulk background. Then we show that the on-shell action of the Wilson-line probe satisfy the monodromy condition, and thus gives the entanglement entropy correctly. In section 4, we end with a conclusion and some discussions.
Entanglement entropy in a large class of states
The entanglement entropy is a measure of the entanglement between the subsystem and its complement. Assuming the whole system is described by the density matrix ρ, we can define the reduced density matrix for the subsystem A as
where A c is the complement of A. The entanglement entropy of A can be defined to be the von Neumann entropy
In the following discussion, we focus on the entanglement entropy in 2D CFT. By the replica trick, we can define the Rényi entropy
where Z n is the partition function on the n-sheeted Riemann surface obtained by pasting ncopies of the original system along the region A. If the state is excited by some local operators, there should also be some operators inserted on the n-sheeted Riemann surface. Assuming the Rényi entropy can be analytically extended to non-integer value, the entanglement entropy can be read from taking n → 1 limit,
In the path integral formalism, the partition function Z n can be understood in another way. Due to the replica symmetry, the path-integral over the field theory on the n-sheeted surface can be regarded as the path-integral of a n-copied field theory on one-sheet surface with the twist boundary condition on the fields at the branch points. The twist boundary condition can be induced by the twist operators inserting at the branch points in a orbifold CFT. Therefore there is
In the ellipsis ..., there can be other twist operators or other local operators in a general state.
The twist operator has a conformal dimension
When we take the n → 1 limit to compute the entanglement entropy, the twist operator become a light operator. Therefore the entanglement entropy could be evaluated as the multi-point correlation function of the light operators .
For simplicity, let us consider the single interval case. In this case we just need to consider the correlation function of two light operators. Taking the fusion of these two light operators, the correlation function can be expand into a series of the contributions from different conformal blocks. We assume that in the semi-classical limit, the contribution from the vacuum conformal block dominates.
More generically, we may study the correlation function on a Riemann surface
where the operator φ is a light operator and the ellipsis ... include finite number of locally inserted heavy operators, and R can be any Riemann surface 2 . The conformal dimension of the operator φ satisfies 1 << h << c. Holographically this condition means that we can make the saddle point approximation and ignore the back-reaction. We can define the expectation value of the stress tensor to be
In other words, the other operators in the ellipsis ... generate a general state, whose stress tensor is given by T 0 (z). Note that the stress tensor T 0 (z) is generically not a constant. The constant T cases have been discussed in the literature [3] .
The correlation function (2.7) can be evaluated by using the the monodromy analysis [9] .
Introduce a degenerate representation with null state
where 10) in the large c limit. We define
Inserting the null state (2.9) into the correlator
we get the differential equation
This second order differential equation can be rewritten into a set of first order differential equation
where
ψ 1 ψ 2 are two independent solution for 2.11.
By the Ward identity, the asymptotic behavior of the stress tensor near z 1 and z 2 is like
We need to tune the parameter γ 1 and γ 2 such that the Ψ(z) has proper monodromy around the cycle enclosing z 1 and z 2 . Because we only choose the vacuum module for the fusion of φ 1 and φ 2 , the monodromy around the cycle enclosing z 1 z 2 should be trivial.
The equation (2.14) can be solved perturbatively. There is a solution v 0 (z) at the 0-th order satisfying the equation
where 19) and T 0 (z) is the expectation value of the stress tensor without inserting φ 1 φ 2 , defined in (2.8).
The whole wavefunction is
and the function a(z) can be expanded around the background a 0 (z)
Because that T 0 (z) is not singular at z 1 and z 2 , T 1 (z) has the same asymptotic behavior near z 1 and z 2 as T (z)
Then the differential equation on v 1 (z) is of the form 25) which could be solved formally as a path-ordered integral
To the leading order of h the trivial monodromy condition requires that
By the residue theorem, it leads to the following monodromy equation
and
In principle, one can solve the parameters γ 1 and γ 2 from the equation (2.28). Then the two-point function can be read from the following differential equations
In practice, it is not easy to find γ 1 , γ 2 . Instead of directly solving the equation (2.28), we will use the holographic method to compute the two-point function and read the parameters γ 1 , γ 2 , and then check that it satisfies the monodromy equation. On the other hand, it has been know for a long time that the pure AdS 3 gravity could be cast into a Chern-Simons form [36, 37] . And it was proposed [35] that the holographic entanglement entropy could be read from the probe action of the Wilson line. In this section,
we follow the Wilson-line prescription to compute the HEE in the large class of CFT states.
Wilson line prescription
It is well known that the three dimensional AdS 3 gravity has no local degree of freedom and can be rewritten into a Chern-Simons theory [36, 37] 
and both gauge potentials takes valued in the sl(2) algebra. The metric can be read out by
3)
The gauge symmetry in the Chern-Simons theory is related to the local Lorentz symmetry and diffeomorphism invariance of the gravity.
It is suggested that the holographic entanglement entropy can be evaluated as the action of a Wilson line probe in the Chern-Simons theory [35] S HEE = − log(W R (C)), (3.4) where C is the bulk Wilson line ending at the branch points of the interval. The representation for gauge potential in the Wilson line is of infinite dimension, whose Casimir is related to the conformal dimension of the twist operator. The infinite dimensional representation can be generated by an auxiliary field on the Wilson line [38] S(U, P ) = TrP
where P , U , λ are the auxiliary fields and c 2 is the Casimir
where h is the L 0 eigenvalue of the highest weight state. The auxiliary field theory can be coupled to the gauge field as
The Wilson line for the highest weight representation can be obtained by taking a path integral over the auxiliary field theory
However there are some subtleties in using the second equation of (3.9) to study the entanglement entropy. First of all, it is not clear what are the bra state and the ket state inserting at the end points. Secondly the relation between the states inserting at end points and the boundary condition for the auxiliary fields are not clear. In [35] , the authors suggested that the boundary condition should be
In the semi-classical limit the path integral (3.9) can be evaluated by the saddle point approximation. Taking the variation with respect to P and U , we have the equations of motion
The on-shell action equals to
Taking a variation of (3.120 with respect to U , we get the differential equation
For the pure gravity case, the dimension of space-time is the same as the dimension of the SL(2) gauge group. It is possible to choose a special curve such that U ≡ 1 on the curve. We parameterize the curve such that Tr(U −1 D s U ) 2 ≡ 1. The on-shell action (3.12) equals to the length of the curve and the equation of motion (3.13) reduces to
which could be rewritten in terms of the vielbein and the spin connection,
This is exactly the geodesic equation. On the other hand, the on-shell action is given by the length of the geodesic ending on the branch points. Therefore, the on-shell action of the Wilson-line probe gives the RT formula.
There are two remarkable points in the above discussion. One point is that the on-shell action is independent of the path connecting two branch points. Different choice of the path are gauge equivalent to each other. The other point is that the equivalence between the onshell action and the geodesic length is general, independent of the background spacetime. It is this second point that allows us to prove the RT formula for a large class of CFT states.
RT=EE in a large class of CFT states
Based on the holographic dictionary [39] , the gauge potentials corresponding to the boundary stress tensor T 0 (z) are of the forms
Note that we do not require the boundary stress tensor to be constant. Consequently, the gravitational configurations are quite general, the so-called Banados geometry [40] . The onshell action (3.12) can be evaluated by the Wilson-line prescription [35] . The gauge potential is flat and can be locally related to the "nothingness" solution A = 0 by a gauge transformation
Put it in another way, we have
which have the solutions
Here we have introduced 
As shown in [35] , the on-shell action (3.12) can be evaluated by the initial and final values of U (s). We can define a matrix as 
The eigenvalue λ of M is captured by the trace of the matrix
where we only keep the leading order of the IR cut-off so that the trace is factorized. Thus the eigenvalue can be approximated by λ ∼ trM, (3.28) to the leading order of IR cut-off.
The correlation function of the two light operators and the entanglement entropy can be read from the on-shell action of the Wilson line. We just need to set √ 2c 2 → 2h for the twopoint function, and √ 2c 2 → c 6 for the entanglement entropy. It is expected that the two-point function in CFT can be evaluated holographically by
We now show that this is true. First we work out the accessory parameters by setting z f = z 1 , z i = z 2 and using (2.31), and we get
Then we check that these two parameters do satisfy the monodromy condition. Taking them into the equation (2.28), we find the left-hand side of the equation
(3.32)
To prove M = 0 we only need to take a trace with v 0 (z 2 ) −1 Rv 0 (z 1 ), where R can be a set of linearly independent two by two matrices. We choose 
Conclusion and Discussion
In this work, we studied the entanglement entropy for a large class states in the 2D large c
CFT. The state could be the state generated by finite number of the local operators, or the thermal state generated by a thermal density matrix, or both. In the large c limit, we still assume that the vacuum conformal block dominates the contribution so that the problem can be studied by the monodromy analysis on a differential equation. On the bulk side, we showed that the on-shell action of the Wilson-line probe captures the entropy correctly. Due to the equivalence between the on-shell Wilson-line action and the geodesic length, the RT formula in the background corresponding the general state must reproduce the entanglement entropy to the leading order as well.
Our study can be generalized to the higher spin case straightforwardly. Within the ChernSimons formulation, it is easy to couple the three dimensional gravity to the higher spin fields.
By extending the gauge group to SL(N ) × SL(N ), the theory describe the higher spin AdS 3 gravity with the spin from 2 up to N . It has been proved that with the generalized BrownHenneaux boundary condition the asymptotic symmetry group for the higher spin gravity is the W N × W N algebra [41, 42] . In the higher spin gravity, the usual geometric notions do not make much sense as the gauge transformation in the theory mix the metric field with the higher spin fields. As a result, the geodesic and its length cannot be well-defined. The RT formula for the holographic entanglement entropy has to be modified. It was proposed in [35, 43] that in the higher spin gravity the holographic entanglement entropy can be computed by the on-shell
action of an open Wilson line, just as we reviewed before. The Wilson line prescription for the higher spin gravity has been supported from studying the correlation functions via the conformal block in the field theory, both on complex plane [28] and on the torus [27] .
We can generalize the discussion on the entanglement entropy in a large class of states to the theory with a W symmetry. For the state generated by the operators, the discussion is similar to the one in the above sections. It turns out that the Wilson-line prescription is still effective to read the entanglement entropy. We are not going to repeat the analysis here.
In [27] , we studied the entanglement entropy in the W theory with the higher spin deformation.
In that case, the density matrix consists of not only a finite temperature, but also a higher
The deformation theory can be related to the original theory by a picture-changing transformation. As a payback, we have to introduce two extra auxiliary coordinates by φ(z, y;z,ȳ) ≡ e −iW 0 y e iW 0ȳ φ(z,z)e iW 0 y e iW 0ȳ , Our discussion is quite general and can be applied to other cases. The only assumption is that the vacuum module states dominates the contribution in the operator product expansion of two operators. This sets the trivial monodromy condition for the cycle enclosing these two operators. As a result, the classical order part of the two-point function can be calculated, based on the expectation values of the stress tensor and W current. On the bulk side, the expectation values of the stress tensor and the W current appears in the background gauge potential, which is essential to compute the on-shell action of the Wilson-line probe. Different from the cases discussed in the literature [3] , the expectation values can be non-constant such that the dual background spacetime could be a general Banados spacetime [40] and its higher spin generalization. It is interesting to apply this prescription to study the multi-shockwave effect and the shockwave in the higher spin black hole, which are hard to calculate directly.
Our result is also related to the work studying the linear gravitional equation from the entanglement entropy [44] . The second order result has been studied recently in [45] . Our result is an support for their study in the three dimensional gravity.
One essential assumption under our study is that the gravitational dual of the CFT state is the Banados spacetime (3.17) 3 . Consequently our discussion does not apply for a general state whose dual is not clear or not of the form as (3.17) . One notorious case is that for two CFT state |ψ 1 and |ψ 2 , each of which has a dual description (3.17) with T 1 (z) and T 2 (z)
respectively, but it is not clear in general what is the gravitational dual to the superposed state α 1 |ψ 1 + α 2 |ψ 2 . It is certain that the dual configuration cannot be the one with T 1 (z) + T 2 (z).
Another case is for the collapse state for the black hole formation, studied in [29] . In this case, the collapse state is a continuous distribution of the operators on a circle, and its dual is the AdS 3 -Vaidya geometry. The collapse state does not belong to the class of the states in our treatment, though the RT formula still holds in this case. It would be interesting to study the RT formula for a more general state in CFT.
